The one dimensional Heisenberg model in the presence of orbital degeneracy is studied at the SU (4) symmetric point by means of Bethe ansatz. Following Sutherland's previous work on an equivalent model, we discuss the ground state and the low-lying excitations more extensively in connection to the spin systems with orbital degeneracy. We show explicitly that the ground state is a SU (4) singlet. We study the degeneracies of the elementary excitations and the spectra of the generalized magnons consisting of these excitations. We also discuss the complex 2-strings in the context of the Bethe ansatz solutions. PACS number(s): 75.10.Jm, 03.65.Ge, 74.20.Mn 
I. INTRODUCTION
There has been much interest recently in spin Hamiltonians with orbital degeneracy. The orbital degree of freedom may be relevant to many transitional metal oxides [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Examples of such systems in 1-dimension include quasi-one-dimensional tetrahis-dimethylaminoethylene (TDAE)-C 60 [12] , and artificial quantum dot arrays [13] . Recently, we discussed these systems [14] within the framework of a SU(4) theory. A quantum disordered ground state in 2-dimension was proposed to be relevant to the experimentally observed unusual magnetic properties in LiNiO 2 . There have also been numerical studies of the 1-dimensional models for these systems [15, 16] .
In the present paper, we use the Bethe ansatz method to study the SU(4) symmetric Heisenberg spin chain with two-fold orbital degeneracy. This model is equivalent to the model studied by Pokrovskii and Uimin [17] , and to one of a class of models that has been solved by Sutherland [18] . Expanding on Sutherland's work, we study the ground state and low-lying excitations more extensively by considering holes and 2-strings in the thermodynamics limit, and in connection to the spin systems with orbital degeneracy. We show explicitly that the ground state is a SU(4) singlet, consistent with the generalized Lieb-Mattis theorem of Affleck and Lieb [22] . We discuss the degeneracies of the elementary excitations and the spectra of the generalized magnons resulting from such such excitations.
We also discuss the complex 2-strings in the context of the Bethe ansatz solutions. The paper is organized as follows. In section II, we introduce the model and discuss its symmetry. In section III, we present the Bethe ansatz solution following Sutherland's approach. We discuss the ground state in section IV, and the elementary excitations and the generalized magnon modes in section V. A brief summary is given in section VI.
II. SYMMETRY CONSIDERATION
We consider the spin chain of N sites with two-fold orbital-degeneracy and with periodic boundary condition [6] 
where S j and T j are the spin and orbital operators respectively on the j-th site, and are each generators of a SU(2) Lie algebra. Clearly, in addition to the permutation symmetry (H is invariant under the transformation j → j + 1 for all j ′ s), the system has an explicit SU(2) ⊗ SU(2) global symmetry and a bi-symmetry S j ↔ T j . Actually the Hamiltonian (1) is invariant under a global SU(4) transformation, which is generated by
. These operators satisfy the following commutation relations
Such a symmetry was noticed by Wigner in the study of nuclei long time ago [19] . Since the group SU(4) is of rank three, there are three conserved quantum numbers in general. It is useful to write the above commutation relations in terms of Chevalley basis, i.e., three generators in the Cartan sub-algebra of SU(4) (precisely, the A 3 Lie algebra) H n = N j=1 H n (j) (n = 1, 2, 3) which can be diagonalised simultaneously, and the other twelve generators E α = N j=1 E α (j) (α denotes root vectors). The local generators H n (j) and E α (j) are related to the spin and orbital operators by,
where α 1 , α 2 and α 3 denote the simple roots of A 3 Lie algebra [21] . The generators corresponding to the negative roots are given by E −α (j) = E † α (j). One can verify that these operators satisfy the standard commutation relations of A 3 Lie algebra, and Eq.(1) can be rewritten as,
where ∆ denotes the set of roots of the Lie algebra. We denote the spin components by up (↑) and down (↓), and the orbital components by top and bottom. Then the four possible states on each site are
The local lowering/raising operators E ±αn (j) relate those four states on the jth site as follows,
In terms of those operators, a general state can be written as |ψ >=
where
We may define the weights as the eigenvalues of the global operator
acting on the four local states | ↑
(0, −1, 1) and (0, 0, −1) respectively. We shall focus on the state with the highest weight.
The other states in the same irreducible representation can then be obtained by using the corresponding lowering operators E −αn . In the present model, the irreducible representation of the SU(4) group of a N-site system is labeled by
III. THE BETHE ANSATZ SOLUTION
The permutation and the SU(4) symmetries in the Hamiltonian enable us to seek the eigenstate of both the cyclic permutation operator and the generators of the Cartan subalgebra of A 3 . The invariance of the cyclic permutation imposes a periodic boundary condition on the wave function ψ(x, y, z). The present model is solvable [18] , and the Bethe ansatz equations for the spectra are
These are secular equations for the spectra of SU(4) rapidities λ, µ and ν. The energy spectrum is given by
The momentum defined by the translation of the system along the chain is given by
Note that P in eq. (9) is determined up to mod (2π), and the inverse trigonometric function is defined in the main branch. We have included explicitly the π term in eq. (9), which is usually neglected in the study of pure spin Heisenberg models [20] . In the SU(4) model, there are three types of elementary excitations as we will discuss below, and it is convenient to include the π term in P to study the magnon types of composite excitations. We define the momentum of the elementary excitations as the momentum relative to the ground state [20] . By taking the logarithm of (7), a set of coupled transcendental equations are obtained,
where Θ ρ (x) := 2 tan −1 (x/ρ). The quantum number I j is an integer or half-integer depending on whether N − M − M ′ is odd or even, and so is J γ (or K c ) depending on whether
is odd or even. These properties arise from the logarithm function.
Replacing λ j , µ γ and ν c in eq. (10) by continuous variables λ, µ and ν but keeping the summation still over the solution set of these roots {λ l , µ β , ν b }, we can consider the quantum numbers I j , J γ and K c as functions I(λ), J(µ) and K(ν) given by eq. (10). Take I(λ) as an example. When I(λ) passes through one of the quantum numbers I j , the corresponding λ is equal to one of the roots λ j . Similarly for J(µ) or K(ν). However, there may exist some integers or half-integers for which the corresponding λ (µ or ν) is not in the set of roots.
We shall name such a state as a "hole". In the thermodynamics limit N → ∞, we may introduce the density of roots and the density of holes (indicated by a subscript h),
By replacing the summations by integrals,
eq.(9) become the coupled integral equations,
where we have the z-components of the total spin and the total orbital
the energy
and the momentum
IV. THE GROUND STATE
The ground state is described by the densities σ 0 (λ), ω 0 (µ), and τ 0 (ν) with no holes and
This is true because all the states with holes will have higher energies. In this case, eq. (11) can be solved. Let
Hence from eq. (6), the highest weight labeling the ground state is the null vector (0, 0, 0), and so the ground state is a SU(4) singlet. This agrees to the theorem of Affleck and Lieb [22] , a generalization of the spin chain problem [23] . In that state, the total orbital, the total spin, and their products are all zero, i.e., 
Eq. (13) coincides with the result of Sutherland [18] after correcting for the trivial overall constant shift JN between the two models.
V. LOW-LYING EXCITATIONS

A. Spectra of elementary excitations
The possible elementary excitation modes are obtained by the variation in the sequence of quantum numbers {I j }, {J γ } or {K c } from the ground state. We can assume B = B ′ = B ′′ → ∞ for the low-lying excitations. The simple modes will be solved by placing holes in the rapidity-configurations. If we let σ(λ) = σ 0 (λ) + σ 1 (λ)/N, ω(µ) = ω 0 (µ) + ω 1 (µ)/N and τ (ν) = τ 0 (ν) + τ 1 (ν)/N, then the excitation energy and momentum ∆E = −2πJ
and ∆M = σ 1 (λ)dλ, ∆M ′ = ω 1 (µ)dµ, and ∆M ′′ = τ 1 (ν)dν. After solving the integral 
whereλ,μ andν stand for the positions of holes in the corresponding rapidity configurations. These excitation energies vanish when the positions of holes go to infinity in the thermodynamic limit. Therefore they are gapless modes. The momenta of the excitations are given by
Eliminating the rapidities in eqs. (15) and (16), we have
where Eq. (9) . It seems more convenient to use the present version, eq. (17), to study the spectra of the magnon-type excitations in the subsection V.C.
B. The complex roots
Because of the existance of the complex roots [25] in the solution set of the Bethe ansatz equations (7), we must consider their contributions, particularly from the 2-strings. In this case we need to rederive the integral equations (11) . We obtain the same equation formally but now the inhomogeneous terms σ h (λ), ω h (µ), and τ h (ν) include also the contributions from the complex roots. A 2-string in the λ-configuration, λ ± = λ 0 ± i/2, introduces additional terms in eq. (11) . As a result, we have
The energy is given by
and the integral equation leads tõ
Our calculation shows a complete cancellation in eq. (19) . Therefore a 2-string in the λ-configuration does not change the energy. We also find M = N σ(λ)dλ + 2, where σ(λ) is the density of the real roots.
Similar results are found for the 2-strings in the ν-and µ-configurations. The equations for a ν-configuration are given by,
And the equations for a 2-string in the µ-configuration are given by,
and M ′ = N ω(µ)dµ + 2, we obtain σ 1 (λ) = 0 and hence ∆E = 0. Although these three types of the 2-strings do not contribute to the energy, they do contribute to the quantum numbers of spin and orbital, and to the highest weight of the SU (4) representations.
C. Generalized magnon type excitations
The flavorons discussed in the previous subsection are elementary excitations of the system. These flavorons may combine to form composite excitations similar to the magnon excitations in the 1-dimensional spin chain [26] , which are of interest to experiments and numerical simulations. In such a construction, the structure of the decomposition of the direct product of the SU (4) and one ν-hole together create a 15-fold multiplet with excitation energy and momentum,
which is a pair of flavorons of σ-type and τ -type. Two µ-holes create a 20-fold multiplet with ∆E (20) = ε ω (μ 1 ) + ε ω (μ 2 ),
The 45-fold multiplet is a three-hole state created by two λ-holes and one µ-hole, for which the excitation energy and momentum are
Four λ-holes create a 35-fold multiplet with
The singlet excitation is obtained by placing a λ-hole, a ν-hole and three 2-strings in λ, µ and ν-configurations respectively. The singlet is degenerate with the 15-fold multiplet in energy, i.e.
In the above equations, ǫ σ (λ), ǫ ω (μ) and ǫ τ (ν) are given by eq. (15), and p σ (λ), p ω (μ), and p τ (ν) are given by eq.(16). The energy-momentum dispersion of various magnon-types of excitations are plotted in Fig. (2) . In the spectrum calculations, we have used the periodicity in momentum P , so that ∆E(P + 2π) = ∆E(P ). For instance, for the 45-fold degenerate states, ∆E (45) (P ) = ǫ σ (q 1 ) + ǫ σ (q 2 ) + ǫ ω (q 3 ), where P = q 1 + q 2 + q 3 , with modula 2π. In a recent paper in Ref. 15 , the lower-lying excitations of model (1) were calculated numerically for finite systems. Their results are consistent with ours in Fig. 2 . In particular, both the numerical calculations and the present Bethe ansatz solutions show the following feature: as the momentum |p| increases from 0 to π, the lowest excitations are changed from the 15-fold degenerate states to the 45-fold degenerate states at |P | = π/2.
In Fig. 3 , we illustrate these generalized magnon types of composite low lying excited states. We start with a typical configuration of the the ground state in Fig. 3 (a 
